In this paper an analytical procedure is given to study the free vibration characteristics of laminated non-homogeneous orthotropic thin circular cylindrical shells resting on elastic foundation, accounting for Karman type geometric non-linearity. At first, the basic relations and modified Donnell type stability equations, considering finite deformations, have been obtained for laminated thin orthotropic circular cylindrical shells, the Young's moduli of which varies piecewise continuously in the thickness direction. Applying Galerkin method to the latter equations, a non-linear time dependent differential equation is obtained for the displacement amplitude. The frequency is obtained from this equation as a function of the shell displacement amplitude. Finally, the effect of elastic foundation, non-linearity, non-homogeneity, the number and ordering of layers on the frequency is found for different mode numbers. These results are given in the form of tables and figures. The present analysis is validated by comparing results with those in the literature.
Introduction
Multi-layered composite shells composed of nonhomogeneous materials with different elastic properties are being used extensively as structural elements in modern construction engineering, ship building, nuclear, space and aeronautical industries as well as the petroleum and petrochemical industries (pressure vessel, pipeline). These materials have properties that vary as a function of position in the body. Nonhomogeneous materials can frequently be found in nature as well as in man-made structures. However, typically non-homogeneous materials seem to be those with elastic constants varying continuously in different spa-tial directions. Continuous non-homogeneity is a direct generalization of homogeneity in theory; besides, material non-homogeneity becomes essential and must sufficiently be considered in a number of practical situations. In all the referenced works, and in most of available solutions to elastic non-homogeneity, it is assumed that the material is isotropic or orthotropic, the Poisson's ratio is constant, and the Young's moduli is either an exponential or a power function of a spatial variable [5, 8, [12] [13] [14] 28, 32] . Cylindrical shells made of different materials that have continuous and thorough contact with an elastic medium, solid or liquid, either on an outer or inner surface is considered as cylindrical shells on an elastic foundation. Such components and structures are often subjected to dynamic loads. Flowinduced vibrations in heat exchangers and pipelines, wave loading on submarines, vibrations of fuel-filled drop tanks of fighter aircraft, underground and undersea pipelines, and tunnels and semicircular roofs of underground aircraft hangers subject to seismic forces, nuclear explosions, and other blasts are some of the numerous examples.
Significant contributions have been made in the field of non-linear vibrations of cylindrical shells in general. Some of these studies about this subject are given [9, 15, 20, 22, 23, 25, 26, 31, 37] . Linear and non-linear free vibrations of laminated plates and shells have been studied only recently see [1] [2] [3] 6, 7, 19, 27, 29, 30, 33, 36, 39] . However, vibrations of shells on elastic foundations have been studied only recently see [4, 11, [16] [17] [18] 21, 35, 38, 40] . In most of these studies, the authors investigate the vibrations of an orthotropic cylindrical shell on an elastic foundation using membrane theory. It is known that, response of elastic media can be presented by using Winkler and Pasternak foundation models. In this study, response of elastic media is given by Winkler foundation model. It is known that Winkler represented an elastic foundation by a set of closely spaced, independent linear springs.
The effect of all three factors together that nonhomogeneity, geometric non-linearity and elastic foundation to the vibration modes of laminated shells are not studied enough. In this study, vibration problem in large deformations of laminated non-homogeneous orthotropic cylindrical shells resting on an elastic foundation is taken up and the effect of all three factors together in question to the vibration frequency is researched.
Formulation of the problem
Consider a thin circular cylindrical shell as shown in Fig. 1 , composed of N layers of equal thickness of nonhomogeneous orthotropic composite material perfectly bonded together. The shell is on elastic foundation and of length L, total thickness 2h and radius R. In Fig. 1 , the x and y axes are in the middle plane of the shell in the axial and tangential directions, respectively, and the z axis normal to them. The axes of orthotropy in all layers are parallel to x and y axes.
The equations of motion of circular cylindrical thin shells resting on an elastic foundation are as follows [10, 38] :
where h 1 = 2h, a comma denotes partial differentiation with respect to the corresponding coordinates, N 11 , N 22 and N 12 are, respectively, the axial and circumferential normal forces and the accompanying shear force; M 11 , M 22 and M 12 are, respectively, the bending moments in axial and circumferential directions and the accompanying twisting moment, u, v and w are, respectively, the displacements on the reference surface in the directions of x, y and z axes, t is time coordinate, k 0 is foundation modulus and the following definitions apply:
in which ρ
are the densities of the homogeneous materials, in the kth layer.
The Kirchhoff hypothesis on non-deformable normal element and Karman type geometric non-linearity are taken into account. In that case, in large deformation the stress-strain relations for a thin laminated layer, which has non-uniform Young's moduli with respect to the thickness coordinate, are given as follows  22 and σ (k) 12 are the stresses in the layers. The quantities Q (k) ij , i, j = 1, 2, 6 for orthotropic lamina are
wherein the superscript k denotes the kth layer. The quantity E are the Poisson's ratio for contraction in the y and x directions due to tension in the x and y directions for the layer k, respectively. There are apparently five material constants per layer; however, because of the reciprocal relations (ν
) there are actually only four independent constants. ϕ (k) (z) = 1 + µϕ (k) (z) is continuous functions expressing the variation of the Young's moduli for the layer k and |ϕ (k) (z)| 1. In the above expression, µ is the variation coefficient of Young's moduli and 0 µ < 1. δ is the equal thickness of the layers.
In the large deformation the strain compatibility equation on the reference surface is given as follows [10] : 
where e 11 and e 22 are the normal strains in the curvilinear coordinate directions x and y, respectively, whereas e 12 is the corresponding shear strain. The force and moment resultants are defined by the following integrals [1, 24, 27, 33, 36, 39] :
Let φ = φ/h 1 be the stress function for the stress resultants defined by
Considering relations (2-7) in Eq. (1) for compatibility and dynamic stability equations of laminated circular cylindrical shells resting on an elastic foundation, after some mathematical operations, one gets
where
in which the expressions C j (j = 1, 2, . . . , 20) are:
C 13 = (a 120 a 211 − a 111 a 220 )D,
Finally, the expressions for the factors a ijγ , i, j = 1, 2, 6 and γ = 0, 1, 2 are:
Analytic solution of the problem
Assuming that the cylindrical shell is simply supports at both ends, the solution of equation set (8-9) is sought in the following form [10] :
where α = mπ/L, β = n/R, m is the half wave length in the direction of the x axis, n is the wave number in the direction of the y axis and q(t) is the time dependent amplitude. Substituting expressions (13) in the Eq. (9) and eliminating φ = A 1 cos 2αx + A 2 cos 2βy (14) +A 3 sin αx sin βy where
Substituting expressions (13) and (14) in Eq. (8) and applying Galerkin method in the ranges 0 x L and 0 y 2πR, the following nonlinear time differential equation obtained as:
ω is frequency parameter, τ is dimensionless parameter and the following definitions apply:
where k 1 is a non-dimensional foundation modulus. The expression (18) for the single layer shell made of homogeneous isotropic and orthotropic material are in the following form [16, 18] :
where E 0 , ν are the Young's modulus and Poisson's ratio of the homogeneous isotropic material and E 01 , ν 12 , ν 21 are the Young's modulus and Poisson's ratios of the homogeneous orthotropic material, respectively. By making the following transformation in Eq. (16),
below equation is obtained:
An approximating function will be chosen as a first approximation as [10] :
satisfying the initial conditions
Substituting expression (23) in Eq. (22) and solving the resulting equation, satisfying the orthogonality condition
the amplitude-frequency relation for the finite deformations of laminated non-homogeneous orthotropic cylindrical thin shells resting on elastic foundation is obtained in the following form:
ω L is the linear frequency, ω NL is the nonlinear frequency and ω NL /ω L relative frequency of vibrating shell. The dimensionless frequency parameter defined in the following form:
The expression (28) for a single layer shell made of homogeneous orthotropic and isotropic material are in the following form [18, 31] :
where ρ 0 density of the homogeneous material in a single layer shell.
The solution of Eq. (19) with initial conditions f (0) = 1, f ,τ (0) = 0 have been given in [9] and the ratio of nonlinear and linear frequencies takes the form Table 1 Comparing the results obtained in [16] (the lowest eigenfrequency ∆ 2 ) with the dimensionless frequency parameter when the effect of elastic foundation is taken into considera- 
When λ 2 = λ 3 = 0, k 1 = 0 expression (26) yields the amplitude-frequency relation for the geometric linear free vibration analysis of a laminated nonhomogeneous orthotropic cylindrical thin shell as a special case. When µ = 0, N = 1 expression (26) yields the amplitude-frequency relation for a single layer nonhomogeneous orthotropic cylindrical thin shell resting on an elastic foundation, as another special case.
Results and discussions
To validate the analysis, for simply supported one layered orthotropic cylindrical shells, the values of relative frequency are compared with the analytical results obtained in [22] and the results obtained in [3] by using finite elements method, see in Fig. 2 . For one layered isotropic cylindrical shells, a) by taking the effect of foundation into consideration, the values of dimensionless frequency parameter are compared with the analytical results obtained in Ref. [16] , see Table 1 , b) the values of dimensionless frequency pa- Table 3 Comparison of experimental and theoretical natural frequencies (Hz) of an isotropic cylindrical shell (h 1 = 2.29 × 10 −4 (m),
(m,n) Lakis et al. [3] Exper. Study Present study Lindholm et al. [37] ( 1998 rameter are compared with the analytical results obtained in Ref. [31] , see Table 2 , c) the values of natural frequency are compared with the experimental results obtained in references [23, 37, 39] , analytical results obtained in Ref. [31] and the results obtained in [3] by using finite elements method, see Tables 3-4 and Fig. 3 . The comparisons show that the present results are in accommodation with the results in literature. Figure 2 shows, the influence of geometrical nonlinear effects on the free vibrations of a simply supported orthotropic cylindrical shell, along with corresponding results given in references [3] and [22] . The given results in [22] were obtained based on Donnell's simplified non-linear method where only lateral displacement was considered. The finite element method based on an energy formulation is used in [3] . The comparisons were carried out for non-dimensional foundation modulus k 1 = 0 and for the following material properties, shell parameters and mode numbers:
The values obtained in this study for the free vibration frequencies are greater than the values obtained in references [3] and [22] .
In Table 1 , the results obtained in this study for dimensionless frequency parameter are compared with the theoretical results obtained in [16] for the nondimensional foundation modulus of k 1 = 0.5. It is observed that there is an agreement with the results obtained in this study and the results in [16] .
In Table 2 , the values of dimensionless frequency parameter for one layered isotropic cylindrical shell for which the effect of foundation is not taken into consideration are compared with the values of dimensionless frequency parameter obtained analytically in Ref. [31] . It is observed that the results are in a well accommodation. Besides, in both of two studies, the minimum values of dimensionless frequency parameter versus the circumferential wave number n = 5 and these values are exactly the same.
In Fig. 3 , the values of natural frequencies for one layered isotropic cylindrical shell for which the effect of foundation is not taken into consideration are compared with experimental values in [23] and with analytical values obtained in [31] . There is an agreement with the results obtained in this study, analytical results obtained in [31] and experimental results obtained in Ref. [23] . Besides, although in the studies which are compared, the minimum values of natural frequencies covers the value of circumferential wave number when n = 7, in the present study n = 6. But in all three studies, the values of natural frequencies are approximately the same. When the results obtained in this study are compared with the theoretical results obtained in [31] and the experimental results obtained in [23] , the maximum difference is 5.5% and it is covering the value of circumferential wave number n = 4.
The values of the non-dimensional fundamental frequencies obtained from the present study are shown in Fig. 4 along with corresponding values given in references [29, 30] , for a four layer cross-ply cylindrical shell to demonstrate the accuracy and range of applicability of the present study. All layers, for Fig. 4 , are assumed to have the same geometric and material parameters and the individual layer is assumed to be orthotropic with the following material properties:
The results obtained in this study are in a well accommodation with the theoretical results obtained in [29] . However, the results obtained in [30] by using finite element are a little smaller. It is because of that, also the effect of transverse shear deformation is taken into consideration in [30] . In this study, medium length shells are used, so the values of L/R are taken into consideration in comparison which are showed in figure.
In Table 3 , the values of natural frequency for one layered isotropic cylindrical shell for which the effect of foundation is not taken into consideration are compared with experimental values obtained in Ref. [37] and with the values obtained in [3] by using finite elements method. The comparison shows that the re- 
Circumferential wave number (n) Natural frequencies (Hz)
Naeem and Sharma [31] Sewall and Neumann [23] Present study sults obtained in this study and the experimental values obtained in [37] are more approximate than the results which are obtained in [3] by using finite elements method.
In Table 4 , the values of frequency spectra for one layered isotropic cylindrical shell for which the effect of foundation is not taken into consideration are compared with the values of frequency spectra obtained in [39] experimentally. It is observed that the results are in accommodation.
In the calculations presented in Table ( [5] [6] [7] [8] [9] [10] , that are done for the formulas (26)- (31) by considering the cases of cross-ply laminated orthotropic cylindrical shells up to five layers, variation function of Young's Table 5 Variation of the natural and relative frequencies with respect to number and ordering of layers for non-dimensional foundation modulus k 1 = 0.01 and variation coefficient of Young's moduli µ = 0 and µ = 0.9 (m = 1, n = 4, h 1 = 5.08 × 10 −4 (m), Ap/h 1 = 3) moduli in layers is taken into consideration in the form ϕ (k) (z) = exp(−0.1|z|) and natural frequency is taken into consideration in the form ω L = ω L /(2π) (Hz). Furthermore, the values of variation coefficient of Young's moduli µ and non-dimensional foundation modulus k 1 are indicated in Tables (5-10 ). In all layers of cross-ply cylindrical shell, the material properties are same and the material properties in [2] , shell parameters in Ref. [39] and non-dimensional foundation modulus in Ref. [16] [17] [18] 35, 38] are given as: Table 6 Variation of the relative frequency with respect to amplitude of the frequency, number and ordering of layers for k 1 = 0.005 and µ = 0 (h 1 = 2.54 × 10 −4 (m), m = 1, n = 4) Table 9 Variation of the relative frequency with respect to the number of circumferential waves and number and ordering of layers for k 1 = 0.005 and µ = 0 (m = 1, h 1 = 2.54 × 10 −4 (m), Ap/h 1 = 3) Table 10 Variation of the natural and relative frequencies with respect to non-dimensional foundation modulus k 1 , number and ordering of layers for µ = 0 (m = 1, n = 7, h 1 = 2.54 [9] . In Table 6 , by taking various number and ordering of layers and elastic foundation into consideration, the relative frequency values are presented dependent on the variation of A p /h 1 . When the effect of elastic foundation isn't taken into consideration, if A p /h 1 increases, the effect of geometrical non-linearity on frequency values increases. The effect of the number and ordering of layers variation on frequency values is considerable.
When the effect of elastic foundation is taken into consideration, there is no effect of variation of number and ordering of layers on the frequency values.
In Table 7 , taking various number and ordering of layers, elastic foundation and non-homogeneity into consideration, the values of natural frequency for the half axial wave number are presented. When the effect of elastic foundation isn't taken into consideration (k 1 = 0) and the half axial wave number increases, the values of natural frequency increases importantly and the effect of non-homogeneity, variation of number and ordering of layers is very considerable. When the effect of elastic foundation is taken into consideration (k 1 = 0.01), the effect of the changes in the Young's moduli in layers on natural frequency values decrease. There is a very little effect of the variation number and ordering of layers.
By comparing Tables 5 and 7 , it can be observed that, the ratio of thickness to radius (h 1 /R) variation effect on natural frequency values is considerable.
In Table 8 , by taking various number and ordering of layers, elastic foundation and non-homogeneity into consideration, natural frequency values for different circumferential wave number values are presented. When the effect of elastic foundation isn't taken into consideration, the effect of number and ordering of layers on natural frequency values in the great values of wave number is very large. For example, for the wave numbers (1, 11) In Table 10 , natural frequency and ω NL /ω L relative frequency values for various non-dimensional foundation modulus, various number and ordering of layers are presented. When the foundation modulus increase, the effect of non-linearity on natural frequency and relative frequency values decreases. But in larger values of foundation modulus, this effect may not taken into consideration.
Conclusion
The present study considers the vibration problem of laminated non-homogeneous orthotropic cylindrical thin shells resting on elastic foundation, accounting for Karman type geometric non-linearity. Obtaining the fundamental relations employing finite deformation analysis, the equations of compatibility and dynamic stability are derived and solved simultaneously to establish an analytical relation between amplitude and frequency. The following conclusions have been drawn from the numerical analysis carried out using the general formulas obtained from the analytical study: a) When the effect of elastic foundation is not taken into consideration, the effects of geometrical nonlinearity, non-homogeneity, number and ordering of layers are very important on frequency values. b) When the value of foundation modulus increases, the effects of the factors in question on the frequency values decrease and these factors do not have effects on frequency values in larger values of foundation modulus. c) When the ratio of shell thickness to radius (h 1 /R) increases, the values of natural frequency increase.
A validation of the analysis has been carried out by comparing results with those in the literature and has found to be accurate.
Nomenclature
Ap, Ap/h 1 Amplitude and dimensionless or relative amplitude of motion, respectively C j , a ijγ The constants depend on properties of material and shell and included by Eq. Young's moduli of the homogeneous orthotropic materials in the kth layer E 01 , E 02 Young's moduli of the homogeneous orthotropic material in a single layer E 0
Young's modulus of the homogeneous isotropic material in a single layer e 11 , e 22 , e 12 Axial, circumferential and shear strains on the reference surface of the shell, respectively f (τ )
Time dependent amplitude h 1 = 2h
Thickness of the cylindrical shell k 0 , k 1 Foundation modulus and non-dimensional foundation modulus, respectively k Denotes the kth layer L Length of the cylindrical shell m
Half axial wave number m 1 = mπR/L Axial wave parameter M 11 , M 22 , M 12 Axial, circumferential and twisting moments, respectively N 11 , N 22 , N 12 Axial, circumferential and shear forces, respectively N, N i
Number of layers and number of polynomials, respectively n Circumferential wave number Oxyz Coordinate system with the origin on the reference surface of the shell
